The conjecture stated : Divide the integers into two classes . Then there always is an infinite sequence of integers a l <a 2 < . . . so that all the sums E E i a i , E i = 0 or 1 belong to the same class . There is a problem due to J . Owings : Divide the integers into two classes . Then there always is an infinite sequence a I < a 2 . .* so that all the sums a i + a j (i = j permitted) are in the same class . It is surprising that this harmelsss looking problem causes so much difficulty .
Though Hindman has some partial results, his paper will soon appear in the Journal of Combinatorial Theory .
I conjectured that if S is any infinite set, then its subsets can always be divided into two classes so that if (A n} , n = 1,2, . . . is any infinite family of disjoint subsets of S there are two sets S 1 and S 2 in different classes both of which are unions of infinitely many A's . On the other hand, I conjecture that if m is any cardinal number, then if the power of S is sufficiently large and we divide the countable subsets of S into two classes there are always m disjoint sets (Aa } , a < nm so that all finite unions of the A a 's belong to the same class .
A few years ago I had the following fascinating conjecture : Divide the integers into two classes . Then there is an infinite sequence a I < a 2 so that all the multilinear expressions formed from the a's are in the same class . I (and others) first tried to find a counterexample but so far no success . A weaker conjecture which also seems inaccessible at present states that if we divide the integers into two classes there always is an infinite a l < a 2 . .-where all the a í , a i + a j , a i a j belong to the same class . It is not even known that there are three a's , a l ,a 2' a 3 with this property .
R .L . Graham proved that if one divides the integers 1 5 t 5 252 into two classes there are always a l ,a 2' a I + a2 a l a 2 (a 1~ a2 ) all in the same class, and this is false for 251 . a l = 1 cannot be excluded . Hindman proved that if 1 s t 5 969 then we can assume a I > 1 , 969 is best possible . As far as I know this is all that is known at present .
The proof of Glazer is given in a survey paper by W .W . Comfort, Ultrafilters : some old and new results, Bull . Amer . Math . Soc . 83 (1977) , 417-455 ; references to Hindman and Baumgartner can be found in this paper .
3 . In I, I state that Kleitman proved the following conjecture of mine :
Let z l , . . .,z n be n vectors in a linear vector space satisfying Ilzilj > 1 . n Consider the 2n sums E e i z i e i = f 1 which are in the interior of i=1 n a sphere of radius 1 . The number of these sums is s Kleitman's [2] proof appeared in the meantime . holds for every k . The conjecture is trivial for k < 6 and Ruzsa and Szemerődi proved it for k = 6 . They also showed f (n ;6) > cnr3 (n) > n 2 -e sets which is, in my opinion, a very surprising and deep result . I offered 1000 dollars for rk (n) = o(n) , which Szemerédi collected .
I offer 3000 dollars for the proof or disproof of (2) rk (n) = o n (log n) for every 4 if n > n 0 (t) .
(2) would imply that for every k there are 6 . Let x l , . . .,xn be n distinct points in k dimensional space .
Denote by dk (n) the maximum number of pairs (xi ,x j ) whose distance is 1 .
This problem was discussed in I . The most important progress is that Szemerédi and Jbzsa proved that d2 (n) = o(n 3/2 )
The proof is surprisingly complicated especially if one compares it with the simple proof of d 2 (n) < cn 3/2 I am sure that d 2 (n) < n I+E for every e > 0 and n > n0 The chromatic number of the plane is known to be at most 7 .
Let our n points be such that they do not contain an equilateral triangle of side 1 . Then their chromatic number is probably at most 3 , but I do not see how to prove this . If the conjecture would unexpectedly turn out to be false, the situation can perhaps be saved by the following new conjecture : There is a k so that if the girth of G(xl, . . .,xn) is greater than k , then its chromatic number is at most three --in fact, it will probably suffice to assume that G(x1, . . .,xn) has no odd circuit of length 5 k .
value may be very large .
Larman and Rogers investigated the chromatic number k(n) of n-dimensional space . Probably the chromatic number tends to infinity exponentially . Trivially f(n,0) = 2 n-1 + 1 It would be of interest to determine f(n,r) for r > 0 at least for n > n 0 (r) I conjectured that for every Tn<r< (2-T)n f(n,r) < (2 -e) n , e = e(~) .
(1), if true, easily implies k(n) > (1 + Ő) n for some fixed Ő > 0 .
The following question just occurred to me : Let a,, . . .,ak be k positive numbers . Let x l ,, .,,x n be the n points in the plane . Join x i and 7 . George Purdy and I plan to write a book on some of the problems and their higher dimensional analogues -which we considered in 6 . Here I just rr give a short and not very systematic outline of some of our results . Denote (r) by gk (n) the largest integer for which there are n points x l , . . .,xn in k-dimensional space for which there are g (r) (n) sets {x . .,x, k i 1 l r+l which have the same non zero r-dimensional volume . We first of all proved
We believe that in (1) the lower bound is closer to the "Truth" -in fact, perhaps it gives the right order of magnitude . Purdy proved that for some e > 0 (2) (2) (n) < n 3-e c l n2 log log n < g (2) (n) < 4n 5/2
In the proof of (2) contains a K r where Kr(nl, . . .,nr) is the hypergraph which meet each A i in exactly one point .
An example of Lenz gives g4 1) (2n) 2 n2
Oppenheim observed that the idea of Lenz gives we conjectured g2k+2 ((k+l)n) < (1 + o(1))n k+l but the proof seems to and I proved g4 1) < n 2 (1+o(1)) .
g2k+2 ((k+l)n) Z nk+l and present difficulties even for k = 2 .
We also investigate the maximum number of isosceles or equilateral triangles one can obtain from n points in r-dimensional space . We almost never succeed in getting asymptotic formulas but have to be satisfied with more or less crude upper and lower bounds . A typical problem states as follows : Let there be given n distinct points in the plane . Let A(n) be the largest number of four-tuples one can form so that not all the six distances should be distinct . We proved space . Color the points of the space by k colors in an arbitrary way . Let S be a set of the plane no two points of which are at distance 1 . We proved that S contains four points x l ,x2' x 3 ,x4 on a line so that the distance between two consecutive points is 1 . We conjectured that S contains the vertices of a unit square . Ms . R . Juhasz proved this -in fact, she proved that S contains a congruent copy of any four points .
(S is the complement of S) . It would be of great interest to characterize the set of points which always can be imbedded into S . The paper of R .
Juhasz will be published soon .
Several further problems for finite and infinite sets are stated in our papers . If log n is replaced by g(n)log n where g(n) is a monotonic function tending to infinity the answer is easily seen to be affirmative . The probability method does not seem to apply to (1) . For further details, see the well known book of Halberstam and Roth, "Sequences" .
2 . Let there be given n points in the plane at most n -k on a line .
Join every two of them and prove that these points determine at least c k n lines where c is an absolute constant independent of k and n . If 
